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Abstract. A complete second-order asymptotic theory for fully developed turbulent flow in smooth pipes at high
turbulent Reynolds numbers is presented. The theory is based on Prandtl's mixing-length hypothesis involving
a fourth-order polynomial representation for the mixing length and taking into account its dependence on the
Reynolds number. Two main contributions with respect to the existing literature have been achieved:

(a) the friction law is obtained by asymptotic evaluation of an integral, completely independently of the velocity
field, and

(b) an axis layer (in addition to the wall layer and the outer layer) has to be included in the analysis in order to
remove a nonuniformity appearing in the second-order solution for the velocity field.

Closed-form analytic expressions for all constants and wake functions appearing up to the second-order
solution in both the friction law and the velocity field are obtained. The results are in a very good agreement with
experiments.
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1. Introduction

Wall-bounded turbulent flows, like turbulent flows in pipes, channels and boundary layers, are
of great theoretical and practical importance. From a phenomenological point of view their
importance is equally great, because they are relatively easily accessible by experiments and
usually serve as test models for various theories of turbulent flows, like eddy viscosity and
other closure models, and for direct numerical simulation techniques. One of the first theories
of this kind, Prandtl’s mixing-length theory, considerably contributed to the understanding of
turbulent wall-bounded flows in the past by establishing what is now referred to as the ‘law
of the wall’ and the ‘velocity defect law'.

Any modern mathematical theory concerned with turbulent wall-bounded flows is asymp-
totic in that it uses the inverse turbulent Reynolds number as a small parameter, and it relies
upon the method of asymptotic matching of solutions in various characteristic portions of
the flow. Several papers have been published on that theme. Some of them are based on
concrete, or general eddy-viscosity models, like Bush and Fendell [1], [2] and some are based
on incomplete turbulence equations, like Afzal and Yajnik [3], Afzal [4] and Panton [5]. This
paper presents a complete second-order asymptotic theory for fully developed turbulent flow
in smooth pipes. We base the theory on Prandtl’s mixing-length hypothesis by using a fourth-
order polynomial representation for the mixing length, with the coefficients depending on
the turbulent Reynolds number. Two main contributions with respect to the existing literature
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we obtain are that:

(a) the friction law is obtained by asymptotic evaluation of an integral, completely indepen-
dently of the velocity field, and

(b) since the second-order solution for the velocity does not satisfy the symmetry condition
at the axis of the pipe, another layer (in addition to the classical ones — inner and outer
layer), the axis layer, has to be included in the analysis in order to remove the jump of
the first derivative of the velocity at the centerline.

In this way we obtain closed-form analytic expressions for all constants and wake functions
appearing up to the second-order solution in both the friction law and the velocity field,
and evaluate them numerically. Comparison with numerous experiments shows excellent
agreement for high Reynolds numbers. Agreement is also very good for the lowest possible
Reynolds numbers for which a fully developed turbulent pipe flow is still sustainable.

2. Problem statement

Fully developed turbulent flow of an incompressible fluid in pipes based on Prandtl’s mixing-
length eddy-viscosity model is described by the following first-order nonlinear differential
equation:

1

R—*f'(y) =1-y, )

P(y) () +
in which y is the distance from the wall of the pipigy) is the mixing lengthR, = u.R/v
is the turbulent Reynolds numbéu..-friction velocity, R-radius of the pipey-kinematic
viscosity), andf (y) = u/u. (u-fluid velocity). All lengths in (1) are normalized by, and the
velocity is normalized by., = /7, /p(T,-Wall shear stresg-fluid density). Equation (1) is
to be solved subject to the no-slip boundary condition on the Wgdly = 0, and the symmetry
condition on the axis of the pipg?(1) = 0. We will have in mind the problem in which the
pressure drop, and consequently the wall shear stress is given, while the velocity profile and
the volume flow rate are required. In the analysis to follow we will be using, in contrast to [5],
u, as a unique velocity scale for all aforementioned three layers, because we will be able to
show that it fully satisfies all requirements imposed by the method of asymptotic matching.
In addition, the use of., as a unique velocity scale has a formal advantage over a possible
alternative: only one (small') parametgt; ) is explicitly present in Equation (1). This fact
will make the perturbation analysis elegant and relatively simple.

Each theory concerned with turbulent flows, no matter whether it is based on an eddy
viscosity model or on incomplete turbulence equations, must rely upon some measurements.
One of the first formulas for the mixing length that covers the most part of the pipe around its
axis for very high values of the Reynolds number is due to Prandtl (Nikuradse, [6]), and has the
form of a fourth-order polynomial. Since the theory presented in this paper is a second-order
one, which means that our objective is to cover also the domain of moderately high Reynolds
numbers, we will take into account the dependence of the mixing length on Reynolds number,
which is clear from Nikuradse’s measurements [7, p. 357]. The formula used here reads:

lout(y) = a(Ry) + b(R,) (1 — y)? + ¢(R.) (1 — ), )
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and, while we can readily express the coefficiéiifs, ) andc(R.) via a(R.) by employing
the conditionsi(0) = 0 and!’(0) = x, wherex is von Karman universal constant, to get:

b:%fi—Za7 c:a—%m

the coefficient( R, ) which is obviously the value of the mixing length at the axis of the pipe,
is first supposed to be expandable as an asymptotic series:

a(R.) = ao+ % +O(R;?),
and, subseqgently, we determiaganda; by fitting to three available experimental data [7,
p. 357]. To that end we use the least-squares method taget:0-14, a; = 3-25. For our
purpose it is necessary to write (2) in the following form

lout(y) = Kyl + a(R.)y + B(R.)y* + v(R.)y7, ®)

whereq, # and~y can be easily expressed viaand expanded into an asymptotic series of the
same form as that far. For example:

07 _
a:ao~|—R—l~|—O(R*2),

*

4q, 5 4q :
where:ag = =0 5001 = =L etc. However, Laufer’s [8] precise measurements of the

turbulence strﬁcture in the prl?)ximity of the wall pointed to the need to modify (2) and (3)
in order to cover the whole cross section of the pipe. Such a modification was performed by
Van Driest [9] in the form of a damping factd? = 1 — exp(—y./A), wherey, = R,y is

an inner variable, andl = 26 is another universal constant, so that finally the expression
for the mixing length that covers the whole cross section of the pipe, used in this paper,
reads:

I(y) = lout(y) D (y«). (4)

It is interesting to note that if this is written in the inner variable, it becomes (h.o.t. stands for
terms of higher order):

I, = Ryl = Ky, (1 + ao% + h.O.t) D(y.),

and differs from Van Driest’s [9] original expressian: = xy.D(y.) which he used to fit
the value of A to Laufer's experiments. Perhaps the inclusion of some higher-order
terms inl,would lead to another value fot, but we did not explore this matter in what
follows.

Equation (1) is solvable irf so that the velocity field, subject to the no-slip boundary
condition on the wall, can be written in the form of the integral:

o [ 2R.(1—y)dy ©)
0 14 \/1+4R22(y)(1-y)
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Also, the volume flow rate, and consequently the mean (average !) velggitshich is related
to the friction coefficiend as:u,, /u, = 2v/2/v/\, can be presented in the form:

Um

N
—=W=2/0 f)(1—y)dy.

U

Integrating by parts the last integral and writifigl — y) dy as—(1 — y)?/2, we can easily
get:

Um _2V2 _ 2R.(1—y)>dy
we VA Jo 14\ [14+ 4R22(y)(1 - y)

(6)

Obviously, the friction law for fully developed turbulent flow in a pipe can be evaluated
fully independently of the velocity field. This holds also for laminar flow. Namely, we can
easily verify that (6), with = 0 leads to the well-known formula&x = 64/Re, where Re is

the Reynolds number based on the mean velocity and the diameter of the pipe. In order to
demonstrate this feature of the friction law in pipes, we will in what follows perform first an
asymptotic evaluation of (6) for high values &f. In order to be able to do that, we have

to make a statement first, which is common to both integral (5) and integral (6): they do not
converge uniformly a?, — oo near both the wally = 0, and the centerling = 1, so

that special attention has to be given to these two regions in their evaluation. If we wish to
expand the integrand in (5) and (6) into an asymptotic series for high valuesreary = 0

andy = 1, we have to introduce first an inner variaple= R.y, and an outermost variable

n = R2(1 — y), respectively, their form being clearly inferred from the form of the term:
4R21%(y)(1 — y). Obviously, the thicknesses of these two regions (inner and outermost layer)
areO(R; 1) andO(R; ?), respectively.

3. Friction law

We showed already that for the asymptotic evaluation of integral (6) it is necessary to divide
the cross section of the pipe into three layers: inner, outer and outermost, or axis layer. Of
course, the boundaries between them are not fixed, and there are some overlap regions. Let
andA be the thicknesses of the overlap regions between inner and outer, and between outer
and outermost layer, respectively. Then:

1 11 1
Ckiklo =, S <AL=
R SOSTTR RSASTTRY

and we may write (6) as:

2\/2
= =lo+l5+l1a,
\/X 0 [ 1-A
Where:b:fg..., ls = 517A..., Il—A:f]il;A""

In principle we evaluate these integrals by expanding the integral into an asymptotic series
for high values of?, and integrating these term by term. Howevergiamnd kA the variables
y, andr, respectively, have to be introduced first. In addition, it is necessary to expand the
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mixing length (4) as a series of the corresponding form, too. In Appendix 1 we will give the
details of the evaluation ofl The evaluation ofd and kA proceeds quite similarly. First,
two terms of the series for each of these are as follows:

1 _ 1 200+ 5
lo = =1 B ) ) [ iy g .
~I0g(R.0) + Bo+ 55 s + O((R0) %)+ - { -2 2 (R.0)
+ao:1log(R 5) + By + O((R.6)" )}+h.o.t
1 2a0+5 , 2 1( 11
ly = —=| ~ A Ay ===
5 Hog<5+Wo+ §+ O(6%) 7ag 2+O( )+R*{ 523

ao—i—

1 2a1
Iog(5+W1+O(6)+6—A3+7 2A 2 + 0(A%)  + hot
ao

| =

NI~

" R\ 7ao 6a

Ol\)

l1-A = { 2 (R2A)Z — (RZA)g‘i‘O((REA)l/Z)}

1 {Z—(RZA)% 0((R§A)3)} +hot

 R® | 743
where:
1 2dy, o0 2 1 (0)2
Bo = 7+/ <7— )d*, S =1+ 4
5 2ao+5 / [331 20 —y*zﬁ’))] ’
1 A o/ N * *
1+S (y:) S(y«)(1+ S(y«))

_/oo 2|, +2l£’(2l£1>—y*l£°>) 20045, ag+1]
v T+ S | T S+ S 2% W2y [0

B 1 (1_y)5/2_i
mo= [ o

1 L1421 (1 —y)Y? 1 ap+1
W=z,
K 0

2
—y)?— +
ZZS v) 2K2y2 K2y
lo = ry(1+ aoy + Boy® +70y°), 1 = ry?(aa + Bry + my?).

dy

If the integrals are summed, all the terms contaiirrgnd A cancel, as expected, and we are
left with the following first two approximations for the friction law:

2v2 1 1 fap+1
N ~log R, +BO+W0+—< 0

= log R. +Bl+W1>+0<'°gR*>. @

RZ

In relating the values ok obtained from this for relatively high turbulent Reynolds num-
bers to the corresponding Nikuradse’s experiments [6], we found that the best agreement was

Ii
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Figure 1. Friction law, — — - first-order solution, Figure 2. Outer solution — wake functionso(y) and

second-order solution, and comparison with w1 (y), together with their behaviors fgr — 0.
Nikuradse's [6] and Patel and Head'’s [10] experiments
using Blasius’s empirical formula.

achieved forx = 0-4. The values of the constaniy, Wy, B1 andW; for k = 0-4 are found
numerically to be:By = 5215 Wy = —3-.310 B; = —161.81 andiW; = —2251 and in
Figure 1,\ and R, are plotted versus Re. Dotted and full line represent the first-order and
second-order solutions, respectively. In Figure 1 are also plotted experimental data for
obtained in [6] and [10]. The latter authors fully confirmed the validity of Blasius’s empirical
formula: A = 0-316/R&2° for Reynolds numbers up to 10,000.

The convergence of the series (7) is excellent for high Reynolds numbers, because the
first-order and second-order solutions practically overlap, say for Re > 30,000, and fully agree
with Nikuradse’s experiments. The convergence is fairly poor for Re < 10,000. Experimental
values are located between the first-order and the second-order solution for all Reynolds
numbers.

4. \elocity field

Obviously, the velocity field in various regions of the flow can be found very similarly to
the fiction law,i.e. by asymptotic evaluation of (5). However, we prefer to follow here the
more conventional way of solving differential equation (1). Its asymptotic solution for high
turbulent Reynolds numbers will justify the need for taking into consideration the axis layer,
as will be shown in what follows.

We will assume that the solution of (1) has the form:

=Y filyRR". (8)
=0

Note that we allow intermediate, say logarithmic terms to appear in this series, in contrast to
all preceding authors (cf. [1], [2], [4] and [5]). This will enable us to perform a direct matching
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of inner and outer layer, without inserting an intermediate layer in between. If we also expand
the mixing length (4) into the series:

1= lLi(y)R,"
i=0

we will obtain from (1) a system of simple differential equations for the coefficigntisat
can be solved be quadrature. The solutions for the first two are:

1/1= 11+ 2,y
fozKo—/ Ydy, fr=Ki+ / 12 yd%
Y lO(y) 2l

whereKy and K; are some constants of integration. Bgghand f, are singular at the wall:

y = 0, so that the no-slip boundary condition cannot be satisfied there. The singulafity of
is logarithmic, and that of; algebraic, and we make them explicit by writirffig and f1 as
(for details of the derivation see Appendix 2):

1 1 aQ
fo= ;Iogy+w0(y)+K{,, fi= %—i-?logy—{—wl(y)—i-lq, )

wherewp(y) andwi (y) are well-defined wake functions:
/y 1—y 1 /y 1+ 21(y)v/1— 1 oo
wo = ——| dy, w1=-—
o | bo(y) =~y 0

——| d
25(y) BT
andK{ and K] are some other constants which are relateBd@nd K by:

1
22 w1(1),
respectively. Wake functions were evaluateddos 0-4 and plotted in Figure 2.
While fo satisfies the symmetry condition at the centerljii§(1) = 0), f1 does not,
becausef(1) = —1/2a3! We explored this feature of the solution (8) in some more detail
and found the behaviour near= 1 of the first five terms in (8). They are:

K= Ko—wo(1), K} =K —

for Ko o (1 )%+ 0((1—9)"")
a0

P~ Kt pa(1-0) + 550972 01— 1))

o Ko = gaa1= )2 = (1) +O((1 - 9)¥?) (10
o~ Kot G (1= )24 0(1=)

fa~ =5 (1—y) 2+ Ka+ O((L - y)*?).

64a5
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Thus, f4 even develops a singularity at the axis of the pipe! Singular behaviour of the solution

(8) at both the wall and the axis of the pipe implies that an inner and an axis layer have to
be included in this analysis and asymptotically matched with (8). For that purpose we will

expand (9) near the wajl — O:

1+ 2a9

2
P y+O0(y°),

1
fo~—|09y+K6—

1 (11)
fi~ 22y +—Iogy+Kl+O( ).

4.1. WALL LAYER

To study the velocity field in the proximity of the wall, we will introduce the inner variable
y« = Ry, write f(y) = g(y.) and obtain from (1) the following equation for

127 + ¢ _1—R— g(0) = 0. (12)
Next, we expandj* andg in the foIIowing manner:

(cf. Appendix 1 for the values dﬁo) andlﬁl)), and routinely obtain from (12) the first two
approximations fog:

- 2dy, 1- 5(y+)
= 1—-2ag———=| dys, 13
D= Jo TS0 S { OTF Sl Y 13)
where:S = /1 + 4l£0)2(y*). In order to match the obtained inner solution to the outer one,

it is necessary to expand (13) fgor — oo. In a way outlined in Appendix 1 we get:

1 1 -
g0 ~ —logy. 5.2 (%)
e Y 14)
Q (07 -
g1~ — > Oy*+—glogy*+b1+o(y* 1)7
K K

whereby = By = 5-125, and:
1+2 oo . 1- 5(y.
by — — 00 + g1(1) —/1 { J <1— 2a0¢>

2K S(y«) 14 5(ys)
1+2
_tteawo, 2 | dy, = 1797, forr = 04
2K K=Y«

The principle of asymptotic matching, as defined by Van Dyke [11, p. 90], now requires that:

1

{go(y*) + R—gl(y*) , written in outer variable

:|y*%oo

= [fo(?J? Ry) + Ri*fl(y; R*)] ’

y—0
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yielding the following values for the constants of integrati§fand K.
1
Ky==IlogR, +bo, Kj="2logR, + b,
K K

so that the outer solution (9) can now be completed:

1 1
Jo= - log(R.y) + wo(y) + bo, f1= 22y + % log(R.y) + wi(y) + b1 (15)

Thus inclusion of intermediate logarithmic terms in the expansion (8) enables the direct
matching between the inner- and the outer-layer solutions.

Until now much effort has been given in the literature to modeling the velocity field in the
outer layer of turbulent flows. The general formulas used are identical in fofg tehereby
the wake functionwg(y) was first introduced by Cole [12]. In this paper, relying exclusively
upon the asymptotic theory of Equation (1), we are able, not only to confirm the validity of the
form of these formulas, but also to derive closed-form analytic expressions for the cégstant
and for the wake functiomg(y). Also, since our theory is of the second order, we are able to
derive the corresponding closed-form analytic expressions for all the terms in the second-order
solution for the velocity fieldf;.

In concluding this section we will plot the graphsgfy.) andgi(y.) (13), together with
their asymptotic behaviors (14) in Figures 3a and 3b.

4.2. AXIS LAYER

Since the second-order solution for the velocity field in the outer layer does not satisfy the
symmetry condition at the centerline and higher-order terms even develop singularities there,
as revealed by (10), the necessity to introduce into the analysis an axis layer is clearly evident,
and inferred even earlier, in the derivation of the friction law. If we introduce the outermost
variablen = R?(1 — y) and writef (y) = h(n), we get from (1):

RO2n'?2 — R3K =1, W (0)=0, (16)

where we obtainet}, = /(n) from (4) and (2) by introducing there the variablevhich can
be expanded in the following asymptotic series:

la = Z lL(LZ) (U)R;ia
=0

with: l,SO) = ag, l,(ll) = ay, etc. If the solution of (16) is sought in the form:

o0

h =" hi(n R.)R;", (17)
=0

we routinely get from (16) for the first five terms; = C;,i = 0,1, 2,
1 1

hy = —=n — ——[N3(n) — 1 _
(18)
a1 a1 a1 .3
ha = ——n+ —[N(n) — 1] + —=[N3(n) — 1] + C
4 a8n+4a8[ (n) ]+128[ (1) — 1] + Ca,
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whereN = /1 + 4a3n, andC;,i = 0, 1,2, 3,4 are constants of integration to be determined
from the matching of this solution to the outer one. In order to perform the matching, it is
necessary first to find the behavior of (18) for+ co. It reads:
1 1 1
32, ~ Y2 o O Y2
+ + C3+ 1242 +O(n~9)

2
h ~Y — — —
Y T3 T 223" 443"

2a a 3a a
4~ a2 S T 1/2+C4—37;+0(n—1/2).
0

>
w
N
Sl
£
o

The matching proceeds exactly in the same way as in the preceding seetlmnrequiring
that up to the 5th order
4 . 4 .
> filyiRORY| ., writtenin variabley = > h;(n; R.)R," ,
i=0

y—1 i=0 1n—00

yielding the following values for the missing constants of integration:

. 1 a1
C;,=K; =0,1,2 C3=Kz——, C4=Ks+ —=. 19
[ iy v ) Ly & 3 3 12&3’ 4 4+3a8 ( )
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Figure 4. Velocity profile — uniform solution for Re- Figure 5. Velocity profile — uniform solution for R =
4430 and its comparison with Patel and Head's [10] 50,000 and R = 500,000, and their comparison with
experiments. Laufer’s [8] measurements.

Since our theory is actually a second-order one, we do need the valdgsamid C7 only.
However, we have developed some more terms in the axis layer, and have matched them to
the outer-layer solution in order to prove that the matching procedure works.

Having matched the solutions in three characteristic layers that appear in a fully developed
turbulent flow in smooth pipes, we may say that our analysis is practically complete. What is
left for us to do is to formulate a uniform solution that covers the whole cross section of the
pipe. According to rules widely accepted in the literature [13, p. 430] a second-order uniform
solution reads:

1 1 1
i = — g1+ ho+ —h
Junif fO+R*f1+QO+R*91+ o+ R, 1

1 1
— 190+ —91> — (ho + —h1> )
< R* Yx—>00 R* 7—00
and can be written in the form:

(20)

1 1+2
funit = wo(y) + go(y+) + —- [wl(y) + g1(ys) + J;Kao *} ;

R.
if (15), (13), (17), (14) and (19) are used. Note that at that order the axis-layer solution does
not contribute tofynir. IN Figure 4 and Figure 5 we compare our uniform solution (20) to some
of the experiments by Patel and Head [10] for.-Rd430, and by Laufer [8] for R= 50,000
and R = 500000, respectively, where Hs the Reynolds number defined by the center-
line velocity u.. To do this, we take; = 0-4 and evaluate the corresponding values of the
turbulent Reynolds numbek,. from the friction law (7) for Patel and Head'’s experiments,
and from (20) by putting; = 1 for Laufer's experiments. We geR, = 164 R, = 1073
and R, = 8728, respectively. The agreement is very good, because the deviation does not
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Figure 6. The dependence of the velocity defect law on the turbulent Reynolds number.

exceed 5%. In contrast to our expectations the agreement {oe=R50,000 is not better
than that for Re= 4430, and also, while our calculations underestimate the experiments for
Re = 4430, they overestimate them for. R= 50,000. We cannot find a rational explana-
tion for such a switch-over. For/R= 500,000 the agreement with Laufer’s experiments is
excellent. Finally, combining (7) and (20), we can obtain what is usually referred to in the
literature as the velocity defect law:

Ue — U 1
- — 4069 —(6-25 « — 9347

and we plot it in Figure 6. FOR, — oo the value of 4069 is in excellent agreement with
Nikuradse’s experiments, who obtaine@4, as quoted in [14, p. 565].

5. Conclusions

We have demonstrated in this paper how the method of matched asymptotic expansions can
successfully be used for treating fully developed turbulent flow in smooth pipes. Here we
relied upon the concept of Prandtl’s mixing-length hypothesis and, in our opinion, have made
the following contributions in comparison with the existing literature.

(a) We have taken into accountthe dependence of the mixing length on the turbulent Reynolds
number.

(b) We have derived the friction law, which actually relates the Reynolds number to the turbu-
lent Reynolds number, completely independently of the velocity field, by asymptotically
evaluating an integral.

(c) In evaluating the velocity field, we have shown that within a higher-order theory it is
necessary to introduce an axis layer in addition to the classical ones, inner and outer, in
order to satisfy the symmetry condition at the centerline, and also that a direct matching
between the solutions describing the flow in an inner and an outer layer, without inserting
an intermediate one between them, is possible, provided that the appearance of logarithmic
terms in the outer expansion is allowed.

The results obtained, for both friction law and velocity field, are in excellent agreement
with experiments for relatively high Reynolds numbers, but also in very good agreement
with them for the lowest possible Reynolds numbers that still allow the existence of fully
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developed turbulent flow. Closed-form analytic expressions for some constants and for the
wake functions appearing in both the friction law and the velocity field, and their numerical
values stated in the paper, enable a relatively easy calculation of all governing parameters.
Appendix 1

Introducing the inner variablg, into lp we get:

o [ 20— y./R)°dy
O L1442y (1 y./R.)

Next, we expand., in the series:

1
1, =19 4 R—l&” +O(R7?),

with: lio) = kYD (ys) andl,(}) = ragy2D(y,.) Subsequently, we expand the integrand too,
and obtain:

1

=19 + 15 + O(R;?),
R,
where:
RS Zdy 0)2
|(°:/ S Sy = V1447
0 0 1+S(y*) (y )

o mo 2 [, 2% -yl
0__/0 1+8() | S+ Sy '

SinceR.d > 1 and

2 1 1
o 1— O(y? ) . Us ,
1+ S(ye)  Kys < 2Ky 0w Yo7 0

we further perform the integration iéoi in the following way:

1 2dy R.§ 2 1 1
10— [T 2% / {— - —} . + = log(R.
0 o 1+ S(ys) * 1 14+ S(y«) Ky« Ay + K 0g(£.9)

1 12 o[ 2 1
— Llog(R.s +/ 7*+/ {7——“*

+i/°° [i+0( 3)} d

1 1 1 o
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1 2dy o0 2 1
here:Bg = S A / [7—— dy.,.
wnere-Fo= 1+S(y*)jL v LT+ Sty) Kyl 7

In the same way we are able to show that:

(1)__2a0+5 ap+1
0" = 2k (F.0) + K2

with Bj given in the main text.

log(R..6) + B+ O((R.6)™ ),

Appendix 2
We first find the behavior of the integrand fgfor y, — 0:

Ty 1, 20+1
L= {1— ﬂwo(yz)] :
lo(y)  wy 2

and then write:

B HNVi—-y 1
fo = to= | l oW

1 1 /I= 1 v [I= 1
:—Iogy+Ko—/ b= dy+/ 4= dy
K o | loly) Ky o | loly) ky

1
=~ logy + wo(y) + Ko — wo(1).

1
dy + —logy
K

In the same way we can develgpby using the following expansion for its integrand:

1+ 2h(y)vV1—vy 1
23(y) 2n2y2

[1— 2a0y + O(y?)], v — 0.
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